This paper is concerned with five integral inequalities considered as generalisations of an inequality first discovered by G.H. Hardy and J.E. Littlewood in 1932. Subsequently the inequality was considered in greater detail in the now classic text Inequalities of 1934, written by Hardy and Littlewood together with G. P61ya.
INTRODUCTION
The inheritance discussed in this paper 1991 stems from a remarkable result of G.H. Hardy and J.E. Littlewood given originally in the seminal paper [17] [18, Section 7.8] .
Of these three proofs the second proof depends upon an elementary, elegant and ingenious device which leads to showing that the number 4 in (1.1) is best possible, and that all cases of equality are given by (1.2) with the extremal function Y determined by (1.3) . However this method seems not to lend itself to generalisation or extension to consider other integral inequalities.
FIVE INTEGRAL INEQUALITIES 3
The third proof in [18, Section 7 .8] of (1.1) depends on an intricate application of the methods of the calculus of variations to a singular variational problem. The analytical difficulties in the proof suggest that extensions and generalisations of this method will prove to be both limited in extent and difficult to implement.
For a discussion on these two methods of proof of (1.1), in the light of developments in the calculus of variations, see the extensive and detailed survey on variational inequalities by Ahlbrandt [2] .
The first proof of the inequality (1.1) in [18, Section 7 .8] has subsequently commanded considerable attention. This proof is inspired by the methods of the calculus of variations but then takes on an independence from variational techniques; this has led to extensions of (1.1) which, by their form, the methods of variational analysis are not designed to handle. It is this method of proof that has led, to quote from [2, page 6 ], "to a fertile area of research".
An account ofrecent developments of the original Hardy-Littlewood inequality (1.1) can be found in the survey article of Brown, Evans and Everitt [7] . See also the book [20] of Mitrinovi6, Pe6ari6 and Fink in which the Hardy-Littlewood type integral inequalities are considered in a number of places in the text. The Hardy-Littlewood integral inequality has been extended to infinite series; for a survey of the properties and generalisations of the resulting series inequality see [6] .
A catalogue of all known special cases (up to 1996) of the extensions of the Hardy-Littlewood inequality, for both integrals and series, is given in [3] . The inequality (1.1) is connected with the spectral theory of the linear, ordinary differential equation -y"(x) y(x) (x {0, (1.4) where A E C (the complex field) is the spectral parameter. 
(1.7)
where: 
is in the strong limit-point condition at xz in the space L2[0, x);
for the technical details of this condition see [9, Section 3] ; there is a large literature devoted to sufficiency conditions for strong limit-point to hold; the strong limit-point condition is independent of the shift parameter -, all the five examples of (1.7) to be considered in this paper satisfy the strong limit-point condition.
(ii) With 
in which case, since f is not null,
The analysis of any particular inequality (1.7) consists of: (i) trying to determine if the inequality is valid or invalid; (ii) if valid then to determine or characterise the best possible number K(-); (iii) and then to determine or characterise all the corresponding cases of equality.
The inequality (1.1) of Hardy and Littlewood is an example of the general inequality (1.7) for which it is possible to give complete answers to all these three stages.
The main analytical tool involved in the analysis of the inequality (1.7) is the Titchmarsh-Weyl m-coefficient, see [21, Chapters II and III] . For the introduction of the m-coefficient into the theory of this inequality see [9, 13, 14] . For a number of special results that have influenced the content of this paper see [4, 5, 11, 15, 16] . [9] ; an overall view of the analytical and numerical techniques required is given in [7] ; a catalogue of all integral and series inequalities of this Hardy-Littlewood type is to be found in the recent survey paper [3] .
The five special cases of (1.7) that form the content of this paper are given by the following determinations of the coefficient q:
The reason for making this choice of coefficients is that the resulting differential equations (1.5) In Section 2 some details of the theory of the m-coefficient and the role the coefficient plays in the analysis of the general inequality, are discussed. The results of this analysis for each of the five cases of the coefficient q are given in Sections 3 to 7 respectively.
THE TITCHMARSH-WEYL m-COEFFICIENT
We first consider the case of the differential equation (1.5) when the shift parameter r 0.
Consider then the equation
where the coefficient q satisfies the basic conditions given in (1.6) . This is the Titchmarsh equation considered in detail in the book [21] ; and then
x/ pl/2 exP(1/2i), (2.6) so that
To indicate how the m-coefficient is used to assess the properties of the inequality (1.7) the following given properties and definitions are required: 
This example has the differential equation
and the associated inequality is
3)
The equation (3.1) has solutions in terms of the Weber parabolic cylinder functions, see [ .2) is only conditionally convergent; for this result see [ 
IAi(x A) I-O (exp(--lx A])) O (exp(-x-))(x -+ oo).
If we now apply the formula (2.13) to ff given by (5.9) then we obtain Ai(-A) (A C \ R).
(
5.10) m+(A) Ai'(-A)
This result shows that m: is the continuation of rn + and that rn is a meromorphic function on C. As in Section 2 we denote this single coefficient by rn and note that it is real-valued at all points on where it is holomorphic.
To apply the results of Theorem 2 of Section 2 above, it is necessary to have information about the zeros and poles of rn as given by (5.10) . From the theory of the m-coefficient, see [9] , it is known that the poles and zeros of rn lie on the real axis of C. 
E-(#n
Proof This proof is given in several stages now to follow.
The m-coefficient
Since in this case the m-coefficient is meromorphic on C we use rn alone as given by the formulae
where the set A c IR is defined by A := {#N'n N0} U {#D'n N0} (5 17) We have to consider the effect of the shift or translation 7" and so define as in (2.11) m(A) := m(A + 7") (A C), (5.18) and to this m-coefficient we apply the HELP criteria as given in Theorem 2 of Section 2 above.
We first show that the behaviour of the terms q: Im(AZmr(.)) on the lines L + (,b) for large values of Il can be made to conform to the criteria provided that b is taken to satisfy the condition b E (1/2r r, 1/2r r).
This done it is sufficient to consider the criteria in a neighbourhood of the origin 0 of the plane C; for the necessary compactness argument see [14, Section 14] . Thus we apply the criteria to m in the neighbourhood of 0, firstly for r A and then, secondly, for r E A. (-oc,0) ).
Since r >0, from r A, it follows that F is strictly increasing on (-oo, 0)tO (0, oo) and so, with F(0)= 0, we obtain To complete the proof we note that the two results in (5.35) show that E_(-) E+(-) t3 (-A) and so exclude the possibility of any normal case of equality. However U. n N0) and {q z. n N0}, as defined in Theorem 5 the solutions { n.
above, provide all the weak cases of equality as described in the statement of Theorem 6. We choose that value of the argument of u which is 57r/4 on the real positive z-axis; then u is well-defined and continuous in C_.
We require a number of general results from the theory of harmonic and subharmonic functions; for the general theory see [19] , and for application to inequalities of the kind considered in this paper see [12, Sections 2 and 3] .
We define an exceptional set (E-set) to be a finite or countably infinite set of isolated points of R c C, together with the limit (b) the points {-n-: n E N0} where has simple poles;
(c) the points {-n--34: n E No} where has simple zeros.
Respectively at these points, and as the variable z passes in C_ to the left from a point on the real positive axis to points on the negative axis, decreases by 2r at the point 0 of (a)
increases by r at the points {-n-1/4} of (b) decreases by 7r at the points {-n --]} of (c).
Recalling that u()= 5;r/4 for all > 0, we deduce that u(z)--3r/4for -1/4<<0andfor -n-1/4<<<-n+-(nN) u(z) r/4 for n-1 / 4 < < -n-1 / 4 (n N0). From these results then we conclude that 0_-1/27r and E_=!3.
There are no weak cases of equality for the inequality (6.2) since it may be seen from the form of the m +-coefficient (6.4) and (6.5 The solution of (7.1) that is in the space L2[0, o) for A E C\ is best expressed in the form (x + 1)l/2H(1) / ((x + )) (7.5) and this leads to the following determination of the m-coefficient for this example, for all r E R, (7.6) with x/ determined as before. Note that in this case m T is the continuation of m i.
From the properties of the solutions (7.4) and (7.5) it may be seen that the differential equation ( The difference between the positive limit and the infinite limit of (7.7) and (7.8) respectively is, in part, responsible for the conclusion given in the Theorem that now follows in comparison with the valid inequality (1.1). 3.0 < 0_(7-) < 1/27r <_ 0 + (7-) and 1/27r < 0o(7-) < 1/27r for all 7-(0, ).
4. There exists a positive number 7-0, with the numerical value approximately 0.13, such that (i) 4 < K(r) < +oc (r e (0, to)) (ii) lim_0+ K(r) +oc (iii) K(r) 4 (r [to, oc)).
5. The cases of equality are as follows:
(i) for r (0, to) the set E+(r) is a single point {p(r)} so that there is a one-dimensional case of normal equality,
(ii) for r ro there is a continuum of cases of normal equalities, (iii) for r E (to, oc) only the null function, (iv) for all r E (0, oo) there are no cases of weak equality.
